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Abstract
The scattering of electrons off nuclei is one of the best methods of probing
nuclear structure. In this paper we focus on electron scattering off nuclei with spin
and isospin zero within the Skyrme model. We consider two distinct methods and
simplify our calculations by use of the Born approximation. The first method is to
calculate the form factor of the spherically averaged Skyrmion charge density; the
second uses the Patterson function to calculate the scattering intensity off randomly
oriented Skyrmions, and spherically averages at the end. We compare our findings
with experimental scattering data. We also find approximate analytical formulae
for the first zero and first stationary point of a form factor.
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1 Introduction
The Skyrme model is a nonlinear field theory for nuclear physics that admits soliton
solutions called Skyrmions [1]. The Skyrme Lagrangian is
L =
∫ {
−F
2
pi
16
Tr(RµR
µ) +
1
32e2
Tr([Rµ, Rν ][R
µ, Rν ]) +
m2piF
2
pi
8
Tr(U − I2)
}
d3x , (1.1)
where U is the SU(2)-valued Skyrme field and Rµ = ∂µUU
† is the right current. The free
parameters Fpi, e and mpi allow a choice of length and energy scale; they are absorbed by
setting Fpi
4e
as the Skyrme mass unit and 2
eFpi
as the Skyrme length unit. This leaves a
rescaled pion mass m = 2
eFpi
mpi which will be set to unity for all Skyrmions in this paper.
Skyrme field configurations have a topological charge B, the baryon number, which takes
values in the integers. B is given by the integral formula
B =
∫
B0(x) d
3x , (1.2)
where
Bµ(x) =
1
24pi2
µναβ Tr(∂
νUU †∂αUU †∂βUU †) (1.3)
is the topological baryon current.
We are interested in electron scattering from a sample of many identical, uncorrelated
nuclei. We model each nucleus as a quantised Skyrmion. An analogous approach to
pion-nucleon scattering reproduces experimental phase shifts quite well [2, 3, 4]. The
Skyrmion wavefunction gives the amplitude for the different orientations of the classical
Skyrmion. If the spin is non-zero, then the wavefunction is not uniform with respect
to body-fixed axes (and must satisfy Finkelstein–Rubinstein constraints). However, the
projection of spin on to space-fixed axes is unconstrained if the nuclei are not polarised,
so these projections occur with equal probability. The net effect is that all orientations
of a Skyrmion occur with equal probability whatever the spin state.
In this paper we will require each Skyrmion to have spin and isospin zero. These
Skyrmions do not have an electric quadrupole or magnetic dipole moment; as a result
their charge density is proportional to half their baryon density, ρ(x) = 1
2
B0(x) [5, 6],
which simplifies the calculation of scattering intensities. Note that only the B = 1
Skyrmion has a spherically symmetric baryon density.
An isospin zero nucleus must have equal numbers of protons and neutrons. Within the
nucleus, nucleons have a strong tendency to pair with like nucleons such that their spins
are anti-parallel; therefore in an even-even nucleus all protons and neutrons pair in this
manner, resulting in a spin and isospin zero nucleus. In an odd-odd nucleus we are left
with a single proton and neutron after pairing; these have a stronger nuclear attraction
between them if their spins are aligned, resulting in at least a spin one nucleus. Therefore
spin and isospin zero nuclei have baryon number B = 4N where N is an integer.
The stationary Schro¨dinger equation for the electron involves the electrostatic poten-
tial V . In turn V is related to the nucleus’ charge density by Poisson’s equation (ignoring
constants)
∇2V = −ρ . (1.4)
Phenomenological models of the nucleus describe the charge density as being spherically
symmetric and approximated quite accurately by a Fermi distribution ρ(r) = ρ0
1+exp r−a
c
.
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Variants with small oscillations and a central depression are also used, particularly for
larger nuclei [7]. However, these variants require more parameters to fit the data closely
and do not have a theoretical grounding which explains their values. We wish to see
whether the Skyrme model can provide as good a fit with experimental scattering data,
whilst being able to vary only one parameter, the length scale (we use the same pion
mass throughout this paper).
One method of calculating the electron scattering intensity off a Skyrmion is to con-
sider the semiclassical, spin zero quantum state, and then calculate the form factor. The
electron effectively scatters off the spherically averaged charge density of the Skyrmion.
We call this the quantum averaging method; it has been considered previously [8, 9].
An alternative method of calculation is to consider the electrons as moving fast and
scattering off the Skyrmion in a brief moment. In this scattering time the Skyrmion has
no time to change orientation. Nuclear rotational motion, from a classical perspective, is
slow, like molecular rotational motion. We can therefore model the nucleus by a Skyrmion
with a fixed orientation at the time that the electron scatters off it. We then average
over Skyrmion orientations, because the nuclei are not polarised and all orientations are
equally likely. We call this the classical averaging method.
For both methods of calculation we use the Born approximation [10], used routinely in
quantum mechanical and X-ray scattering calculations. The classical averaging method
involves the Patterson function of the Skyrmion because the method is analogous to an X-
ray powder diffraction calculation, where the crystal fragments have random orientations
[11].
The electron is energetic and fast because we want to probe length scales compara-
ble to the nuclear radius. In fact the electron can have energy of order 1 GeV and be
relativistic; therefore we use QED to calculate the cross section, resulting in the Mott
scattering formula. The Born approximation is then equivalent to the one-photon ex-
change approximation.
2 Form Factors and Intensities
2.1 Scattering from a fixed Skyrmion
The expression for the electromagnetic current of a Skyrmion is
Jµ = 1
2
Bµ + I
3
µ , (2.1)
where Bµ is the baryon current and I
3
µ is the third component of the isospin Noether
current. A Skyrmion in an isospin zero state has I30 equal to zero and so J0 is half the
baryon density; thus we consider scattering off a charge density ρ(x) = 1
2
B0(x).
In the Born approximation, the electron scattering amplitude off a Skyrmion with
fixed orientation is a constant multiple of
V˜ (q) =
∫
V (x) e−iq·x d3x . (2.2)
Here qµ = kµ−k′µ = (q0,q) is the momentum of the photon, where kµ = (E, 0, 0, E) is
the momentum of the incoming electron, and k′µ = (E ′, E ′ sin θ cosφ,E ′ sin θ sinφ,E ′ cos θ)
2
is the momentum of an electron scattered in the direction (θ, φ) (Figure 1). We neglect
the electron’s mass because it is negligible compared to its kinetic energy. The magnitude
of q is q =
2E sin θ
2√
1+ 2E
M
sin θ
2
, where M is the mass of the nucleus being scattered off. V (x) is
the electrostatic potential of the Skyrmion and V˜ is simply the Fourier transform of this.
The differential cross section dσ
dΩ
is proportional to |V˜ (q)|2.
N
γkµ
k′µ qµ
pµ
p′µ
e−
Figure 1: Feynman diagram of the scattering process
It is desirable to have an expression for the scattering amplitude in terms of the
charge density ρ rather than the potential V , as it is the charge density (half the baryon
density) that is computed for Skyrmions. V and ρ are related by (1.4), and fortunately,
the Laplacian is simple in Fourier space. The Fourier transform of the charge density
F (q) =
∫
ρ(x) e−iq·x d3x , (2.3)
is called the form factor. Equation (1.4) implies that q2V˜ (q) = F (q), and the differential
cross section [12] is
dσ
dΩ
=
(Bα)2
16E2 sin4 θ
2
cos2 θ
2
1 + 2E
M
sin2 θ
2
|F (q)|2. (2.4)
Here α is the fine-structure constant and B is the Baryon number. The prefactor is
present for any charge density, so it is generally the modulus of the form factor |F (q)|
that is discussed. The scattering intensity is defined as |F (q)|2.
2.2 The Quantum Averaged Intensity
We assume now that electrons scatter off quantised Skyrmions in their spin zero ground
state. The electrons therefore scatter off the spherically averaged charge density. This
is obtained by integrating over a rotation matrix R, depending on three Euler angles
(α, β, γ), with the standard normalised measure
dR =
1
8pi2
sin β dα dβ dγ . (2.5)
The spherically averaged charge density is
ρ(r) =
∫
ρ(Rx) dR (2.6)
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and is just a function of the radial coordinate r. The form factor of the spherically
averaged charge density is then
F(q2) =
∫
ρ(r) e−iq·x d3x , (2.7)
and only depends on q2. (A calligraphic letter corresponds to a spherically averaged
roman letter.)
To simplify this integral we may assume that q = q(0, 0, 1). Then using polar coordi-
nates,
F(q2) =
∫
ρ(r) e−iqr cos θr2 sin θ drdθdφ
= 2pi
∫
ρ(r) e−iqr cos θr2 sin θ drdθ
= 2pi
∫
ρ(r)
[
e−iqr cos θ
iqr
]pi
0
r2 dr
= 4pi
∫ ∞
0
ρ(r)
sin(qr)
qr
r2 dr ≡ 4pi
∫ ∞
0
ρ(r)j0(qr)r
2 dr , (2.8)
where j0(u) =
sinu
u
is the zeroth spherical Bessel function.
As the Fourier transform is a linear operation, and the measure d3x is rotationally
invariant, the form factor of the spherically averaged charge density is the same as the
spherically averaged form factor of the initial charge density. Therefore an alternative
expression for F(q2) is
F(q2) =
∫
F (Rq) dR , (2.9)
where F (q) is the form factor (2.3). Although this expression is less explicit than (2.8),
we will have some use for it.
This form factor (or rather its modulus |F|) is the function that is usually extracted
from the experimental cross section data and gives one information about the spherically
averaged charge density.
2.3 The Angular Velocity of a Skyrmion
It is important to know which electron energies allow us to treat the nucleus as having a
fixed orientation, and therefore allow us to use the classical approximation.
Whilst the Skyrmion is originally spin 0 and therefore stationary, the electron scatter-
ing could cause the Skyrmion to rotate. It is difficult to know exactly what the resulting
angular velocity would be, but we can consider the angular velocity of a spin 1 Skyrmion
to get an estimate.
In order to calculate the angular velocity of the B = 4 Skyrmion, we need to choose
values for Fpi and e. The best way to do this is to calibrate to the mass and mean charge
radius of an alpha particle, which requires Fpi = 87.3 MeV and e = 3.65. This gives an
energy unit of Fpi
4e
= 5.98 MeV and a length unit of 2
eFpi
= 1.24 fm. Thus the Skyrme
unit of energy length becomes Fpi
4e
2
eFpi
= 7.39 MeV fm, whilst ~ = 197 MeV fm; therefore
~ = 26.7 = 2e2 in Skyrme units.
Consider the B = 4 Skyrmion rotating about the 3rd axis with angular momentum
L3 = 1; this means that the angular velocity ω =
~
V33
, where V33 = 663 is the (3, 3)
4
component of the spin inertia tensor in Skyrme units. Using this angular velocity and
the mean charge radius (around 1.36 in Skyrme units), we calculate that the speed at
the surface of the Skyrmion is around 1
20
of the speed of light. This means that the time
for the electron (travelling close to the speed of light) to cross the nucleus is around 1
125
of the time for the nucleus to complete a full rotation.
For a roughly spherical object the moment of inertia is proportional to MR2, where
M is the mass of the object and R is the radius, with the mass being proportional to R3.
Thus, as we increase the baryon number of the Skyrmion (thereby increasing its mean
charge radius), its angular velocity has a large supression due to the increased size. This
means that the larger Skyrmion rotates more slowly than the B = 4 Skyrmion.
Therefore for all the Skyrmions considered, the time for the electron to scatter off
the nucleus is much less than the period for a full rotation of the nucleus. Thus it is
reasonable to treat the nucleus as having a fixed orientation during the scattering process
for all electron energies of interest.
2.4 The Classically Averaged Intensity
Here we assume that each electron scatters off a Skyrmion with fixed but random orienta-
tion, the Skyrmion having a non-spherically symmetric charge density. The contributions
of the different Skyrmions add incoherently, so the scattering intensities need to be spher-
ically averaged over the orientations to find the total intensity.
For a Skyrmion with fixed orientation, the intensity is
I(q) = |F (q)|2 (2.10)
=
∫
ρ(x) ρ(x′) eiq·(x−x
′) d3x d3x′ . (2.11)
If one writes x′ = x + w, and replaces the x′ integral by an integral over w, then
I(q) =
∫
ρ(x) ρ(x + w) e−iq·w d3x d3w . (2.12)
The x integral here,
P (w) =
∫
ρ(x) ρ(x + w) d3x , (2.13)
is called the Patterson function. It is an autocorrelation function, but not a convolution.
Then
I(q) =
∫
P (w) e−iq·w d3w , (2.14)
so the intensity is the Fourier transform of the Patterson function [11].
Changing the orientation involves a rotation matrix R depending on Euler angles
(α, β, γ) as before. We can define a rotationally averaged Patterson function
P (w) =
∫
P (Rw) dR , (2.15)
which is just a function of w = |w|. Then, by repeating the steps in subsection 2.2, we
obtain the classically averaged intensity
I(q2) = 4pi
∫ ∞
0
P (w)j0(qw)w
2 dw . (2.16)
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Again there is an alternative expression, directly in terms of the charge density,
I(q2) =
∫
ρ(x) ρ(x′) eiRq·(x−x
′) d3x d3x′ dR , (2.17)
which simplifies to
I(q2) =
∫
ρ(x) ρ(x′)j0(q|x− x′|) d3x d3x′ , (2.18)
a Debye-type scattering formula.
Note that we can also express this classically averaged intensity in terms of the form
factor. From (2.17),
I(q2) =
∫
|F (Rq)|2 dR . (2.19)
While it is straightforward to calculate I(q2) from a given charge density, one can-
not reconstruct the charge density from I(q2). There are essential ambiguities in the
reconstruction.
2.4.1 Properties of Patterson Functions
The Patterson function has a couple of properties which hold for any charge distribution.
It is invariant under w→ −w; this follows easily from the definition:
P (w) =
∫
ρ(x) ρ(x + w) d3x =
∫
ρ(x−w) ρ(x) d3x = P (−w) , (2.20)
where the second equality follows from a simple change of variables.
The second universal property is that P (w) is maximal at w = 0. We have, for any
real a, ∫ (
ρ(x) + aρ(x + w)
)2
d3x ≥ 0 , (2.21)
and after expanding the bracket,∫
ρ(x)2 d3x + 2a
∫
ρ(x) ρ(x + w) d3x + a2
∫
ρ(x + w)2 d3x ≥ 0 . (2.22)
The first and third integrals are both equal to P (0) =
∫
ρ(x)2 d3x, because the domain
of integration is all of space. The second integral is equal to P (w), therefore
(1 + a2)P (0) + 2aP (w) ≥ 0 (2.23)
for all a. This implies the discriminant condition
P (w)2 ≤ P (0)2 , (2.24)
so the Patterson function is maximal at the origin.
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2.5 Comparison of the Scattering Intensities
The classically averaged intensity I(q2) is the average of |F (q)|2 over all directions q,
I(q2) =
∫
|F (Rq)|2 dR , (2.25)
whereas the quantum averaged intensity |F(q2)|2 is the modulus squared of the average
of F (q) over all directions q,
|F(q2)|2 =
∣∣∣∣∫ F (Rq) dR∣∣∣∣2 . (2.26)
These are fundamentally different objects, and a Cauchy-Schwartz inequality informs us
that |F(q2)|2 ≤ I(q2).
We will present |F| and √I against q2 for all the Skyrmions in this paper, in order
to illustrate the differences between the quantum and classically averaged intensities.
Experimental electron scattering data is usually presented as the modulus of the form
factor |F| plotted against q2. It should be noted that extrema of F appear as extrema
of |F|, but |F| has additional sharp minima at the zeros of F . Thus it can be helpful to
plot F as well as |F|, but this is only known in theoretical calculations, and not from the
experimental data.
The formula (2.25) shows that I(q2) is non-negative, and I(q2) is zero for some value
of q2 only if F (q) = 0 for all q with q2 = |q|2. For a non-spherically symmetric charge
distribution this is a shell of independent conditions, not generally all satisfied, so we
would not expect I(q2) to have any zeros.
For a spherically symmetric charge distribution, F (q) is independent of the direction
of q, so this shell of conditions collapses to a single condition, and the intensity I(q2) will
generically have zeros. There are also extreme examples of non-spherically symmetric
charge distributions for which I(q2) has zeros.
This shows that there is an important difference between the electron scattering inten-
sities of spherically and non-spherically symmetric models of nuclei; we expect some zeros
in the former case and no zeros in the latter. This is also a difference between quantum
and classically averaged intensities. Unfortunately, it is a difference that is difficult to
probe by experiment. In an electron scattering experiment the differential cross section
can only be found for a discrete set of momenta, q. This means that there is effectively
no chance of finding a value of q2 that yields a zero in the intensity; thus, we are not able
to distinguish between a sharp minimum and a zero.
3 Scattering Intensities of B = 4N Skyrmions
3.1 Calibration of Skyrme Units
In order to compare our intensities with experimental scattering data, we need to perform
some calibrations. We normalise the charge density ρ, so that it integrates to 1 over all
space. This has the effect of making
√I and |F| have value 1 at q2 = 0. In graphs of
experimental scattering data the form factor is usually presented as |F(q2)|/|F(0)|, so
our choice of normalisation enables easier comparison with the data.
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The Skyrmion’s length scale is measured in Skyrme units, and the parameters Fpi
and e of the model (1.1) decide the conversion factor from Skyrme units to MeV and
fermi. We must decide on a length scale of the nucleus to calibrate to, and there are a
few choices. The most sensible choice [13] appears to be the (root mean square) charge
radius, the square root of
〈r2〉 =
∫
ρ(x) r2 d3x = 4pi
∫ ∞
0
ρ(r) r4 dr . (3.1)
This is a measure of the total size of a nucleus, and 〈r2〉 appears naturally in the spheri-
cally averaged form factor. For small q2
F(q2) = 4pi
∫ ∞
0
ρ(r)
sin qr
qr
r2 dr ≈ 4pi
∫ ∞
0
ρ(r)
(
1− 1
3!
q2r2
)
r2 dr = 1− q
2
6
〈r2〉 . (3.2)
We see that 〈r2〉 is −6 times the gradient of F(q2) with respect to q2 at the origin, so by
calibrating to this we will have the correct charge radius.
An alternative calibration would be to fix the length scale such that the first minimum
of the calculated and experimental scattering intensities are at the same value of q2. But
this seems less fundamental, especially since the relation between characteristic length
scales and locations of minima in momentum space is a complicated one.
The parameter set Fpi = 75.2 MeV, e = 3.26 and mpi = 138 MeV provide reasonable
accuracy for the masses and mean charge radii of several Skyrmions [13]. However, in this
paper we decided to recalibrate the parameter values such that the mean charge radius
was correct for all the Skyrmions considered and the associated parameter m was fixed
at 1. Therefore the parameters depend on baryon number.
Experimental values in Table 1 for 〈r2〉 12 are taken from [14]. The charge radius
of Beryllium-8 is unknown due to its instability, so we will use the charge radius of
Beryllium-9 instead (the instability also results in a lack of experimental scattering data
to compare with, thus calibration is less important). B = 108 also creates a problem;
an isotope with equal numbers of protons and neutrons at that baryon number would be
highly unstable. In addition, charge radii calculations are usually model dependent in
this region; we choose Ag10747 as a candidate, taking the value of 〈r2〉 from [15].
Baryon Number B = 4 B = 8 B = 12 B = 16 B = 32 B = 108
〈r2〉 12 fm 1.68 2.52 2.47 2.70 3.26 4.50
Table 1: Table of charge radii for nuclei with zero isospin. The entries for B = 8 and B = 108
are estimates (see text).
We ignore most of the Skyrmions after B = 16 because there is less confidence in
their baryon densities. There is more confidence in B = 32 and B = 108 because of their
cubic structure.
3.2 B = 4
The B = 4 Skyrmion is cubically symmetric (Figure 2). The charge density (half the
baryon density) is easily evaluated, and from this the spherically averaged form factor is
calculated. Evaluating the Patterson function leads to the classically averaged intensity.
8
Figure 2: Charge Density Isosurface
of the B = 4 Skyrmion
Figure 3: Patterson Function Isosurface
of the B = 4 Skyrmion
3.2.1 Patterson Function of the B = 4 Skyrmion
There are two main ways to see how the Patterson function P (w) varies with shift vector
w. The first is to take an isosurface plot of P (w), which shows surfaces of constant
P . The second is to take a planar slice in w-space and plot contours of constant P .
All representations of the Patterson function will be in Skyrme units; these will then be
converted into fermi (fm) to calculate intensities.
The Patterson function of the B = 4 Skyrmion is spherically symmetric for small w,
where w = |w|, and as w increases it takes on the shape of a concave octahedron (Figure
3). The slowest descent occurs along shift vectors w corresponding to the primary x, y, z
axes of the B = 4 Skyrmion. We see from Figure 2 that the regions of highest charge
density are the corners and edges of the B = 4 cube, so when we shift along the Cartesian
axes by w = a ≈ 1.4, the distance between opposite faces, there is strong overlap of high
density regions. This is in contrast to shifting along the body diagonal direction; here one
of the corners travels into the hollow centre of the cube, resulting in a weak overlap. As
w increases further, the concave edges of the octahedron become convex. This is followed
by the faces becoming convex, producing approximately cubic contours.
Figure 4 shows a contour plot of P (w) in the (x, y)-plane. Red corresponds to the
highest values of P and blue to the lowest; this colour scheme is retained for all contour
plots in this paper. Taking a slice in the (x, y)-plane allows us to see in which regions P
varies the least. We observe that the contours are most widely spaced at the points (0, a),
(a, 0) and (a, a) (ignoring (0, 0), which is always a maximum). The Patterson function
approximately levels off at shift vectors w corresponding to the three distinct types of
separation vector between corners of the B = 4 Skyrmion (along an edge, diagonally
across a face, and diagonally across the body).
3.2.2 Intensity for the B = 4 Skyrmion
In Figure 5 the blue curve represents
√I and the red curve represents |F| for the B = 4
Skyrmion, plotted on a logarithmic scale; this colour scheme and log scale are retained
throughout the paper. The Skyrmion has a characteristic length of around 1 fm, so our
main interest is in q2 greater than 1 fm−2. We observe a minimum at q2 ≈ 4.5 fm−2 and
close agreement between
√I and |F| for q2 < 15 fm−2.
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Figure 4: Patterson Function Contours in
the (x, y)-plane for the B = 4 Skyrmion
Figure 5: Comparison of
√I (blue) and |F|
(red) of the B = 4 Skyrmion with the Form
Factor from Experimental Scattering Data
(green) for the He4 Nucleus
3.2.3 Comparison of Intensity with Experimental Data for the B = 4 Skyrmion
The B = 4 Skyrmion is the best of the B = 4N Skyrmions to compare with experimental
data because electron scattering experiments on He4 have been done up to q2 = 80 fm−2.
This is almost an order of magnitude greater than the highest energy data for other
B = 4N nuclei.
In Figure 5 the green circles represent experimental |F| data for electron scattering
off a He4 nucleus [16]. The shapes of the theoretical and data curves are quite similar for
low values of q2, which is to be expected, because normalisation forces all three of them
to have both F(0) = 1 and the same gradient at q2 = 0. There is a quite a difference
in the q2 value at the first minimum and an order of magnitude discrepancy in |Fmax|,
the value of |F| at the first maximum beyond the first minimum. The value of q2 at the
first minimum could be fixed by a different length calibration (although the derivatives
at the origin would no longer match), but |Fmax| is much harder to rectify because it is
independent of the calibration.
The experimental data curve has a second minimum at q2 ≈ 52 fm−2, whereas the
classically averaged Skyrmion curve (blue) fails to predict a second diffraction minimum
at any value of q2. The quantum averaged Skyrmion curve (red) fares better, although
it has too many minima in the region that we are considering. However, if the Skyrme
length unit is recalibrated such that the first minima of the quantum averaged curve
and data curve are at the same value of q2, then the second minima of the curves are
within a few fm−2 of each other, and the third minimum of the quantum averaged curve
moves outside the region that has been probed by experiment. This does not fix all of
the problems; the values of |F| at the second maxima of the curves would disagree by
two orders of magnitude.
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3.3 B = 8
The B = 8 Skyrmion is a pair of B = 4 cubes joined on a face. It comes in two different
forms with very similar energies: linear and twisted [17]. There is only a small difference
between the form factors and Patterson functions of these two Skyrmions; therefore we
will only present the twisted variant (Figure 6) in this paper.
Figure 6: Charge Density Isosurface
of the B = 8 Skyrmion
Figure 7: Patterson Function Isosurface
of the B = 8 Skyrmion
3.3.1 Patterson Function of the B = 8 Skyrmion
The B = 8 Skyrmion has D4h symmetry and this symmetry is inherited by the Patterson
function (Figure 7). In the (x, z)-plane (Figure 8) (the y-axis being the C4 axis) the
Patterson function’s contours display similar behavior to those of the B = 4 Skyrmion,
which is not surprising, because shifting in this plane does not allow the two B = 4 cubes
to overlap each other. There is a slight reduction in concavity of the Patterson function
for small w in comparison with the B = 4 Skyrmion, because the middle section of the
B = 8 Skyrmion has different intrinsic axes to the cubes either side of it.
We see different behavior to the B = 4 case when shifts have a y-component. The
isosurface has an oscillatory nature, with level regions for w close to the various separation
vectors between the 16 cube corners of the B = 8 Skyrmion. There is a small range of
values of P which exhibit disjoint isosurfaces; two balls occur when the shift vector is in
the y-direction so that one cube coincides almost perfectly with the other cube. These
balls indicate local maxima of the Patterson function, a feature not present for the B = 4
Skyrmion.
A contour slice in the (x, y)-plane (Figure 9) confirms these maxima. The slice also
shows the locations of saddle points.
3.3.2 Intensity for the B = 8 Skyrmion
The first minimum of |F| is not very close to a stationary point of √I (Figure 10). The
first minimum is related to the size of the Skyrmion, and we see that the intensity for the
B = 8 Skyrmion has a first minimum at a lower value of q2 (≈ 3.4 fm−2) than the B = 4
Skyrmion. This is due to the B = 8 Skyrmion having a large charge radius, caused by
its extension in the y-direction.
The spin zero B = 8 Skyrmion represents Be8, but this is very unstable, and there is
no high-energy electron scattering data to compare with.
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Figure 8: Patterson Function Contours
in the (x, z)-plane for the B = 8 Skyrmion
Figure 9: Patterson Function Contours in
the (x, y)-plane for the B = 8 Skyrmion
Figure 10:
√I and |F| of the B = 8 Skyrmion
3.4 B = 12
The B = 12 Skyrmion comes in two different forms: triangular and linear [17]. The
triangular Skyrmion, which has D3h symmetry, corresponds to the ground state of C
12
modeled as a triangle of alpha particles. The linear Skyrmion, which has D4h symmetry,
corresponds to the Hoyle state modeled as a chain of alpha particles [18].
3.4.1 Patterson Functions of B = 12 Skyrmions
B = 12 triangular:
The triangular Skyrmion has C3 symmetry about the z-axis (Figure 11), and this com-
bines with the intrinsic w → −w symmetry of the Patterson function to give an overall
D6h symmetry of P (w). The isosurface plots resemble a rounded hexagonal bipyramid
(Figure 13). The contour slices chosen for this Skyrmion are defined differently to slices
for other Skyrmions; the (x, z)-plane is chosen to include the origin and the centre of one
of the three cubes. This plane is featured in Figure 15. We see that the axis directions
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Figure 11: Charge Density Isosurface
of the triangular B = 12 Skyrmion
Figure 12: Charge Density Isosurface
of the linear B = 12 Skyrmion
Figure 13: Patterson Function Isosurface
of the triangular B = 12 Skyrmion Figure 14: Patterson Function Isosurface
of the linear B = 12 Skyrmion
are distinguished for all but the largest shift vectors. This is because these directions
correspond to one of the cubes shifting along an intrinsic axis, which results in a strong
overlap of charge density. Rotating this plane by 30° about the z-direction results in
similar contours, but they are less oblong. When the cubes shift in the z-direction, they
have no overlap with themselves after moving more than a side length, so the Patterson
function decreases rapidly.
The contours in the (x, y)-plane (Figure 17) have a hexagonal structure, which reflects
the symmetry of the Skyrmion.
B = 12 linear:
The B = 12 linear Skyrmion is a chain of three B = 4 cubes with D4h symmetry about the
y-axis (Figure 12), and we expect similar characteristics to the B = 8 twisted Skyrmion.
The Patterson function (Figure 14) also shares characteristics with that of the B = 8
Skyrmion.
In the (x, y)-plane (Figure 16) there is a series of maxima and saddle points on the
y-axis, with the similar oscillatory decreasing behavior that we saw previously. The
presence of an extra cube increases the number of shift vectors between cube corners,
which results in a greater number of local maxima and saddle points.
The Patterson function contours in the (x, z)-plane (Figure 18) are almost the same
as for the B = 8 Skyrmion; the presence of three B = 4 cubes rather than two makes
little difference.
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Figure 15: Patterson Function Contours
in the (x, z)-plane for the triangular
B = 12 Skyrmion
Figure 16: Patterson Function Contours
in the (x, y)-plane for the linear
B = 12 Skyrmion
Figure 17: Patterson Function Contours
in the (x, y)-plane for the triangular
B = 12 Skyrmion
Figure 18: Patterson Function Contours
in the (x, z)-plane for the linear
B = 12 Skyrmion
3.4.2 Intensities of B = 12 Skyrmions
B = 12 triangular:
The first stationary point of |F| at q2 ≈ 2.3 fm−2 does not have a corresponding stationary
point for
√I (Figure 19). The next two stationary points are in good agreement, but √I
has a broad, flat maximum in-between. This difference can be explained via looking at
the profiles of ρ(r)r2 and P (w)w2, recalling that ρ(r) and P (w) refer to the spherically
averaged charge density and Patterson function respectively.
Figure 21 displays radial profiles relevant to the triangular B = 12 Skyrmion. The blue
curve represents P (w)w2, the green curve represents ρ(r)r2 and the red curve represents
j0(qw) =
sin qw
qw
, where q2 ≈ 12 fm−2 takes the value at the midpoint of the broad maximum
of
√I. As q2 deviates slightly, away from 12 fm−2, the third zero of j0(qw) moves across
the maximum of P (w)w2. However, this deviation does not produce a large change in
√I
because P (w)w2 has a broad maximum. By contrast ρ(r)r2 has quite a thin maximum,
and this translates into a thinner maximum in |F|.
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Figure 19:
√I and |F| for the
triangular B = 12 Skyrmion
Figure 20:
√I and |F| for the
linear B = 12 Skyrmion
Figure 21: Radial Profiles for the triangular
B = 12 Skyrmion: ρ(r)r2 (green), P (w)w2
(blue) and j0(qw) (red)
Figure 22: Radial Profiles for the linear
B = 12 Skyrmion: ρ(r)r2 (green), P (w)w2
(blue) and j0(qw) (red)
B = 12 linear:
There is better agreement between the location of zeros and stationary points of |F|
and
√I (Figure 20) for the B = 12 linear Skyrmion. The broad maximum of √I
found for the triangular Skyrmion is no longer a feature because P (w)w2 does not have
a broad maximum. The second zero of |F| is at a considerably larger value of q2 than
the corresponding zero for the triangular Skyrmion. This is equivalent to saying that
F is negative for a larger range of q2. This increased range is caused by F having a
negative maximum between the two zeros (at around q2 = 17 fm−2); this feature can be
explained by looking at the radial profile, ρ(r)r2. ρ(r)r2 has three distinct peaks (Figure
22), and the negative maximum of F occurs when the first non-trivial maximum of j0(qr)
coincides with the central maximum of ρ(r)r2. F has a negative value because there is
also coincidence of negative minima of j0(qr) with the two other positive maxima of
ρ(r)r2.
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3.4.3 Comparison of Intensity with Experimental Data for B = 12 Skyrmions
We only compare the triangular Skyrmion with the experimental scattering data for C12
[19] because this Skyrmion corresponds to the ground state of C12. (Figure 23)
The comparison of the scattering data with the classically averaged intensity
√I
suggests that the shoulder found in
√I around q2 = 2.5 fm−2 is not a desirable feature.
The classical averaging method does, however, agree with the data about the number of
minima in the range of q2 considered.
|F| has quite a good agreement with the data up to the first minimum. But it predicts
a second minimum shortly after the first, and this is not found in the experimental data.
Figure 23: Comparison of
√I and |F| of the triangular B = 12 Skyrmion with the Form
Factor from Experimental Scattering Data for the C12 Nucleus
3.5 B = 16
Figure 24: Charge Density Isosurface
of the B = 16 Skyrmion
Figure 25: Patterson Function Isosurface
of the B = 16 Skyrmion
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3.5.1 Patterson Function of the B = 16 Skyrmion
The B = 16 Skyrmion (Figure 24) is a ’bent square’ lying in the (x, z)-plane. It is midway
between a flat square and a tetrahedrally-symmetric arrangement of B = 4 cubes [17].
If one superimposes a second copy that has undergone an inversion, w→ −w, then this
combination would have D4h symmetry about the y-axis. The Patterson function has an
intrinsic inversion symmetry, so it has this D4h symmetry. Thus we have another example
of the Patterson function having more symmetry than the Skyrmion that it is derived
from. The Patterson function isosurface (Figure 25) and contour plots (Figures 26 and
27) display this additional symmetry.
Figure 26: Patterson Function Contours in
the (x, z)-plane for the B = 16 Skyrmion
Figure 27: Patterson Function Contours in
the (x, y)-plane for the B = 16 Skyrmion
3.5.2 Intensity of the B = 16 Skyrmion
√I has a shoulder where |F| has a zero at around q2 = 1.8 fm−2 (Figures 28 and 29).
This shoulder occurs when the first minimum of j0(qw) coincides with the maximum
of P (w)w2. P (w)w2 has a broad maximum, which leads to a broad region of almost
constant
√I. After this initial difference there is good agreement between the locations
of stationary points and zeros of
√I and |F|.
3.5.3 Comparison of Intensity with Experimental Data for the B = 16 Skyrmion
The calculated intensities for the B = 16 Skyrmion are compared with experimental
electron scattering data off a O16 nucleus [19] in Figure 29. The colour scheme is the
same as in Figures 5 and 23.
We have further reinforcement that the shoulders observed in the classically averaged
intensities of Skyrmions are not a desirable feature; they are again not present in the
experimental data. The classically averaged
√I intensity bears little resemblance to the
data curve.
The form factor |F| again produces a closer fit to the data with quite good agreement
up to the first minimum of the data curve. However, it still predicts too many minima
in the data range that we are considering.
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Figure 28:
√I and |F| for the B = 16
Skyrmion
Figure 29: Comparison of
√I and |F| of the
B = 16 Skyrmion with the Form Factor from
Experimental Scattering Data for the O16
Nucleus
3.6 B = 32
3.6.1 Patterson Function of the B = 32 Skyrmion
The B = 32 Skyrmion has cubic symmetry (Figure 30); it combines the internal symmetry
of each B = 4 cube with the cubic arrangement of these cubes. This translates into full
cubic symmetry of the Patterson function. For small shift vectors w the structure of the
Patterson function is similar to that of the isolated B = 4 Skyrmion because the cubes
are not yet overlapping.
Figure 30: Charge Density Isosurface
of the B = 32 Skyrmion
Figure 31: Patterson Function Isosurface
of the B = 32 Skyrmion
As we increase the shift vector, the Patterson function has local maxima occurring at
shift vectors going between the centres of cubes; these manifest themselves as disjoint
balls in the isosurface plots (Figure 31). Interestingly there are now some local minima,
which appear as disjoint balls lying within the volume enclosed by the main isosurface.
These minima occur at shift vectors going between the corner of a cube and the central
cavity of a different cube.
The contour plots (Figure 32) give further information; P (w) is low along vertical
or horizontal lines with an axis intercept of 2.6 Skyrme units. P (w) is high for axis
18
intercepts of 3.2 Skyrme units. This shows that alignment of the cubes in just one axis
direction leads to a high value of P .
3.6.2 Intensity of the B = 32 Skyrmion
√I and |F| are in good agreement up to the first maximum at q2 ≈ 2.2 fm−2 (Figure 33).
As q2 increases, the agreement gets worse because
√I has a shoulder whereas |F| has a
minimum/maximum pair, but both curves have a minimum around q2 = 7.7 fm−2.
Figure 32: Patterson Function Contours in
the (x, y)-plane for the B = 32 Skyrmion
Figure 33:
√I and |F| for the
B = 32 Skyrmion
3.7 B = 108
Figure 34: Charge Density Isosurface
of the B = 108 Skyrmion
Figure 35: Patterson Function Isosurface
of the B = 108 Skyrmion
The B = 108 Skyrmion is a larger version of the B = 32 Skyrmion [20]. It is a cubic
arrangement of 27 B = 4 cubes (Figure 34).
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3.7.1 Patterson Function of the B = 108 Skyrmion
The Patterson function of the B = 108 Skyrmion (Figure 35) is similar to that of the B =
32 Skyrmion, only more detailed. Another layer of cubes in the Skyrmion increases the
number of shift vectors going between B = 4 cube corners, which causes more stationary
points of P (w), as seen in Figure 36.
Figure 36: Patterson Function Contours in
the (x, y)-plane for the B = 108 Skyrmion
Figure 37:
√I and |F| for the
B = 108 Skyrmion
3.7.2 Intensity of the B = 108 Skyrmion
The intensity (Figure 37) is also rather similar to that of the B = 32 Skyrmion; there are
now more stationary points due to an increased number of relevant shift vectors.
3.8 The Skyrme Crystal
The Skyrme crystal can be viewed as an infinite cubic lattice of B = 4 Skyrmions with
enhanced symmetries [1]. Its Patterson function can be well approximated by taking the
centre cube from a B = 108 Skyrmion, creating a 3× 3× 3 grid of these, and calculating
the Patterson function for the centre cube of this grid shifting towards its neighbours.
The result is then extended periodically. This periodic Patterson function (Figure 38)
can be used in reverse to make a prediction for the Patterson function of the B = 108
Skyrmion. When the B = 108 Skyrmion is shifted, some of its cubes move into the
empty space surrounding the Skyrmion, and these cubes do not contribute. This can be
accounted for by a multiplicative factor, and when this is included, one gets a close fit to
the actual Patterson function of the B = 108 Skyrmion.
4 Approximations for the Zeros and Stationary Points
of F
It is important to know the locations of the zeros and stationary points of the form factor
F . These locations are related to intrinsic features of the charge density, and it is useful
to have an approximate method for finding them.
20
Figure 38: Patterson Function Contours in
the (x, y)-plane for the Skyrme Crystal
4.1 Zeros of the Form Factor
Consider the expression for the form factor F in terms of the spherically averaged charge
density ρ(r),
F(q2) =
∫
ρ(r) e−iq·x d3x = 4pi
∫ ∞
0
ρ(r)
sin qr
qr
r2 dr . (4.1)
Looking at this expression, it is not immediately obvious where the zeros of F are.
However, ρ(r) r2 is quite localised and approximately symmetric about its maximum, so
a truncated Taylor expansion of sin qr
qr
about its first zero at qr = pi should lead to a good
approximation to a value of q2 where F is zero.
For qr close to pi,
sin qr
qr
' − 1
pi
(qr − pi) + 1
pi2
(qr − pi)2 , (4.2)
which gives an estimate for a zero of F ,
F(q2) ' −4pi
∫ ∞
0
ρ(r) r2
(
1
pi
(qr − pi)− 1
pi2
(qr − pi)2
)
dr = 0 . (4.3)
This implies that
〈r2〉
( q
pi
)2
− 3〈r〉
( q
pi
)
+ 2 = 0 , (4.4)
where
〈rn〉 =
∫
ρ(x) rn d3x = 4pi
∫ ∞
0
ρ(r) rn+2 dr . (4.5)
The solutions are
q
pi
=
3〈r〉 ±√9〈r〉2 − 8〈r2〉
2〈r2〉 , (4.6)
and we choose the lower sign (smaller q) because the upper sign corresponds to the second
zero of sin qr
qr
, and the approximation is poor to the right of this zero. We also only want
to include one zero in the region of non-zero charge density. In conclusion, one can make
a prediction for the location of the first zero of F using only the first few radial moments
of the charge density.
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4.2 Stationary Points of the Form Factor
The expression for dF
dq2
in terms of the charge density is
dF
dq2
=
1
2q2
∫
ρ(r)r2
(
cos qr − sin qr
qr
)
dr . (4.7)
Using a truncated Taylor series of
(
cos qr − sin qr
qr
)
about its first positive zero leads to
good approximation of the location of zeros of dF
dq2
. The location of the first zero of(
cos qr − sin qr
qr
)
will be labeled by qr = b. The quadratic term of the Taylor series
helpfully vanishes, so we are left with a linear equation to solve for q
dF
dq2
' − 1
2q2
∫
ρ(r) sin b (qr − b) dr, (4.8)
which implies that
q =
b
〈r〉 . (4.9)
The stationary point lies at a value of q2 such that q〈r〉 (q times the mean of ρ(r)r2) is
equal to b.
Inspecting the values of q2 that give the first minima of I rather than F , it would
appear that we would have to consider the series expansion about the first three zeros
(excluding qr = 0) of cos qr − sin qr
qr
, in order to approximate the location of the first
minimum. A poor approximation can be found by scaling q2 such that the second zero
of cos qw − sin qw
qw
is close to the the maximum of P (w)w2.
Many Skyrmions have good agreement between the locations of stationary points of√I and those of F , but there does not seem to be a strong analytical link showing
why. Some stationary points are only present in either
√I or F , so this good agreement
cannot be used to approximate the locations of the stationary points of
√I based on the
approximations for F .
4.3 Accuracy of Approximations
Table 2 presents our estimated values of q2 at the first zero and first minimum of F
compared to the actual values.
Baryon Approx. location Actual location Approx. location Actual location
Number of first zero of first zero of first minimum of first minimum
B = 4 4.57 4.57 7.47 8.01
B = 8 twisted 2.37 2.37 3.53 3.65
B = 12 triangular 2.38 2.31 3.66 3.50
B = 12 linear n/a 8.18 3.89 11.63
B = 16 1.80 1.78 2.93 2.82
B = 32 1.15 1.15 2.04 1.96
B = 108 0.61 0.62 1.07 1.02
Table 2: Approximate and actual locations of first zero and first minimum of F(q2)
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The table shows that the approximations of the first zero and minimum of F are
generally very good. The exception is the linear B = 12 Skyrmion; the quadratic equation
(4.4) for the zero of F has no roots, and the prediction (4.9) for the minimum is very
far away from the actual location. This can be explained by noting the presence of the
shoulder near q2 = 4 fm−2 of F (Figure 20) for the linear B = 12 Skyrmion. The location
of the shoulder is close to our predicted location for the first stationary point of F . The
approximation finds the shoulder rather than the first true minimum of F . The fact that
F does not have a zero before the shoulder explains why the quadratic equation (4.4) has
no roots in this case.
5 Conclusions
We have calculated the charge density and Patterson function for several Skyrmions with
baryon number a multiple of four. From these we have calculated the quantum averaged
electron scattering intensity |F(q2)|2 and the classically averaged electron scattering in-
tensity I(q2) for the Skyrmion’s states with spin and isospin zero and found that there is
a sizable difference between them. This shows that it is important to make the distinc-
tion when considering non-spherically symmetric charge distributions. However, we have
found that neither method gives results in good agreement with experimental electron
scattering data.
The quantum averaged |F| gives the better fit to the experimental data; however,
there are still some problems. For all Skyrmions that we have considered, the calculated
intensity has too many minima when compared to the scattering data and the entire curve
|F(q2)| generally lies above the data points (a problem exacerbated for the classically
averaged intensity because of the Cauchy inequality).
There is also the problem that the calculated first minimum of the intensity is at too
low a momentum and that the intensity at the second maximum has a higher value than
the experimental data. We have investigated the effect of introducing a central depression
for a few well known charge distributions and found that a large depression causes the
various problems stated above. This would indicate that the region of near-zero baryon
density found at the centre of many of the Skyrmions is a feature which does not agree
with experimental electron scattering data.
However, we have treated the Skyrmion as a rigid body in this paper and have not
taken into account the vibrational modes of the Skyrmion. If we had included these
modes, then the ground state should be considered as an average over configurations
with different baryon densities which lie within the vibrational space. This vibrational
averaging would result in a charge distribution with significantly less structure because the
central region of near-zero baryon density would be partially washed-out. The averaging
would still result in a slight central depression but this is believed to be a feature of
nuclear charge distributions, particularly for larger nuclei [7].
We have found that it is possible to predict the locations of the first zero and stationary
point of |F| using moments of the charge density. Disappointingly, we have also found
that it is difficult to predict the locations of stationary points of
√I using moments of the
Patterson function. However, given their similarities, there is probably a link between
the stationary points of
√I and |F|.
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